Let C n be a cycle of length n. As an application of Szemerédi's regularity lemma, Luczak (R(C n , C n , C n ) ≤ (4 + o(1))n, J. Combin. Theory Ser. B, 75 (1999), 174-187) in fact established that K (8+o(1))n → (C 2n+1 , C 2n+1 , C 2n+1 ). In this paper, we strengthen several results involving cycles.
Introduction
For graphs F , G 1 , . . . , G k , we write F → (G 1 , . . . , G k ) if every edge coloring of F in k colors yields a monochromatic graph G i for some 1 ≤ i ≤ k. The Ramsey number R(G 1 , . . . , G k ) is the minimum integer N such that K N → (G 1 , . . . , G k ). When G i = G for all 1 ≤ i ≤ k, we denote F → (G 1 , . . . , G k ) by F → (G) k and R(G 1 , . . . , G k ) by R k (G). We refer the reader to the book by Graham, Rothschild and Spencer [13] for an overview and a survey by Conlon, Fox and Sudakov [5] for many recent developments.
The 2-color Ramsey numbers of cycles R(C n 1 , C n 2 ) are studied by several researchers, we refer the reader to Bondy and Erdős [3] , Faudree and Schelp [10] , and independently, Rosta [26] (see also [17] ). A few years later Erdős et al. [9] found the value of R(C n 1 , C n 2 , C n 3 ) and R(C n 1 , C n 2 , C n 3 , C n 4 ) when one of the cycles is much longer than the others. An elegant result by Luczak [24] proved that R 3 (C 2n+1 ) = (8 + o(1))n.
In that paper Luczak introduced a technique that uses the regularity method to reduce problems about paths and cycles to problems about matchings that are contained in a connected component. This technique has become fairly standard in the area, many results appeared, see e.g. [2, 6, 11, 12, 14, 15, 19, 29] . In particular, Figaj and Luczak [11, 12] obtained that for α 1 ≥ α 2 ≥ α 3 > 0, R(C 2⌊α 1 n⌋ , C 2⌊α 2 n⌋ , C 2⌊α 3 n⌋ ) = (2α 1 + α 2 + α 3 + o(1))n, R(C 2⌊α 1 n⌋+1 , C 2⌊α 2 n⌋+1 , C 2⌊α 3 n⌋+1 ) = (8α 1 + o(1))n.
Generally, a recent result by Jenssen and Skokan [16] proved that for every k and sufficiently large n, R k (C 2n+1 ) = 2 k n + 1.
This resolves a conjecture of Bondy and Erdős [3] . In particular for k = 3, the conjecture has been confirmed by Kohayakawa, Simonovits, and Skokan in an earlier paper [19] . Also, for every fixed integer k ≥ 4 and sufficiently large even n,
where the lower bound due to Sun et al. [30] while the upper bound by Knierim and Su [22] . However, very little known about the Ramsey numbers for random graphs. The random graph G(n, p) is the random graph G with vertex set [n] := {1, 2, . . . , n} in which each pair {i, j} ∈
[n] 2 appears independently as an edge in G with probability p. We say an event E n occurs asymptotically almost surely (a.a.s.) if lim n→∞ Pr(E n ) = 1. Let P n be a path with n vertices. Applying the sparse regularity lemma established by Kohayakawa and Rödl [20, 18] , Letzer [23] showed that a.a.s. G(n, p) → P (2/3−o(1))n , provided that pn → ∞, which is optimal. By using the idea of Figaj and Luczak [11] , Dudek and Pra Lat [8] proved that a.a.s. G(n, p) → (P (1/2−o(1))n ) 3 as pn → ∞. For multicolor k ≥ 3, Dellamonica et al. [7] proved that a.a.s.
In this paper, we consider cycle Ramsey numbers for random graphs.
Theorem 1 Let 0 < p ≤ 1 be fixed, and n 1 , n 2 and n 3 be integers with n 1 ≥ n 2 ≥ n 3 . Then for any sufficiently small positive real δ, there exists an integer n 0 such that for all integer n 3 > n 0 , we have a.a.s. that
For any integers n 1 , n 2 and n 3 with n 1 ≥ n 2 ≥ n 3 , we can easily see the lower bound R(C 2n 1 +1 , C 2n 2 +1 , C 2n 3 +1 ) > 8n 1 . This together with Theorem 1 yield the following result which is slightly stronger than that by Luczak [ Corollary 1 For all large integers n 1 , n 2 and n 3 with n 1 ≥ n 2 ≥ n 3 , we have
For even cycle, we have a similar result as follows.
Theorem 2 Let 0 < p ≤ 1 be fixed, and let n 1 ≥ n 2 ≥ n 3 > 0 be integers with same order, we have a.a.s. that
, and
Note that for integers n 1 , n 2 and n 3 with n 1 ≥ n 2 ≥ n 3 , we can see the lower bound
We color the edges inside V 1 with the first color, all the edges adjacent to vertices from V 2 with the second color, and all the remaining edges of K N with the third color. It is easy to check that there is no monochromatic C 2n i as desired. This together with Theorem 2 yield the following result by Figaj and Luczak [11, Theorem 1] .
Regularity lemma
Let A be a set of positive integers and A n = A ∩ {1, ..., n}. In the 1930s, Erdős and Turán conjectured that if lim |An| n > 0, then A contains arbitrarily long arithmetic progressions. The conjecture for the arithmetic progressions of length 3 was proved by Roth [27, 28] . The full conjecture was proved by Szemerédi [31] with a deep and complicated combinatorial argument. In the proof, Szemerédi used a result, which is now called the bipartite regularity lemma. For the general regularity lemma, see Szemerédi [32] . The lemma has became a totally new tool in extremal graph theory. For many applications, we refer the reader to the survey of Komlós and Simonovits [21] and related references.
Let G = (V, E) be a graph. If U, W ⊆ V (G) are nonempty disjoint sets, we write e G (U, W ) for the edges between U and W in G, and call
Let us list several useful properties for regularity pairs.
Fact 2 Let (U, W ) be an ǫ-regular pair in G, and let X ⊆ U and Y ⊆ W with |X| ≥ γ|U | and |Y | ≥ γ|W | for some γ > ǫ.
The following property tells that any regular pair has a large subgraph which is superregular, and here we include a proof.
According to the definition of ǫ-regular, we know that |X| < ǫm. Similarly, let Y ⊆ W consists of vertices with at most (d − ǫ)|U | neighbors in U , we know that |Y | < ǫm.
Take 
This completes the proof. ✷ In this note, we use the following version of regularity lemma [32] .
Lemma 1 (Regularity lemma) For ǫ > 0 and integer t 0 ≥ 1, there exists T 0 = T 0 (ǫ, t 0 ) such that the following holds. For all graphs G 1 , G 2 and G 3 with the same vertex set V and |V | ≥ t 0 , there exists a partition
Proofs of main results
In this section, we will give proofs for our results by using regularity method together with probability method. Let us list several lemmas we will use to establish our main results. We first recall a result by Luczak [24, Lemma 9] .
Lemma 2 ( Luczak [24] ) For every 0 < η < 10 −5 and t ≥ exp(η −50 ) the following holds. If H is a graph with T ≥ 4(1 + η)t vertices and at least (1 − η 3 ) T 2 edges, then each 3-coloring of edges of G leads to a monochromatic odd cycle of length at least (1 + η/10)t.
The next lemma by
Benevides and Skokan [2, Lemma 10], independently by Figaj and Luczak [11, Lemma 5] about regularity pairs is a slightly stronger version of [24, Claim 3] by Luczak. For the proof, one can easily follow that of [24]. Lemma 3 (Benevides and Skokan [2], Figaj and Luczak [11]) For every 0 < β < 1, there exists an n 0 such that for every n > n 0 the following holds: Let G be a bipartite graph with bipartition V(G) = V 1 ∪ V 2 such that |V 1 | = |V 2 | = n. Furthermore,let the pair (V 1 , V 2 ) be ǫ-regular with density at least β/4 for some ǫ satisfying 0 < ǫ < β/100. Then for every ℓ, 1 ≤ ℓ ≤ n − 5ǫn/β, and for every pair of vertices v′ ∈ V 1 , v ′′ ∈ V 2 satisfying deg(v ′ ), deg(v ′′ ) ≥ βn/5,G contains a path of length 2ℓ + 1 connecting v ′ and v ′′ .
Proof of Theorem 1
We first prove the three color case. Let 0 < p ≤ 1 be fixed, and let
Furthermore, denote n = n 1 for convenience and let α = 10η, and N = (8 + α)n.
We will show that a.a.s. for every 3-edge coloring of G = G(N, p) with vertex set V , there is a monochromatic odd cycle of length 2n λ + 1 on the λth color for λ = 1, 2, 3. Consider a 3-edge coloring (G 1 , G 2 , G 3 ) of G. By Lemma 1, there exists T 0 = T 0 (ǫ, t 0 ) such that there is a partition {V 0 , V 1 , . . . , V t } of V (G) satisfying t 0 ≤ t ≤ T 0 and 
which will tend to zero as k 1 and k 2 are much larger that ln N and p fixed. Therefore, by Markov's Inequality, it follows that Pr(X ≥ 1) < E(X) → 0 as N → ∞ as desired. ✷ By Claim 1, we suppose that d G (V i , V j ) ≥ p/2 for every 1 ≤ i ≤ j ≤ t. Let H be the auxiliary graph on vertex set [s], where ij is an edge of H if and only if (V i , V j ) is ǫ-regular. Since the partition V 0 , V 1 , . . . , V t is ǫ-regular, the number of edges in H is at least (1 − ǫ)
From Lemma 2, we have that there is a monochromatic odd cycle C of length s which is at least (1 + η/10)t/4(1 + η). Without loss of generality, suppose that the odd cycle C with vertex set [s] in G λ for some λ = 1, 2, 3, i.e. for i = 1, 2, . . . , s, (a) (V i , V i+1 ) is ǫ-regular, and
, where the indices are taken modulo s.
In the following, we aim to show that G λ contains an odd cycle of length 2n λ + 1. From Fact 3, for odd i = 1, 3 , . . . , s − 2, we can take
, and β = 2p/3 − 8ǫ.
Then we have that for every pair of vertices
Therefore, by Lemma 3, for every ℓ, 1 ≤ ℓ ≤ m − 5ǫm/β, and for every pair of vertices
, G λ contains a path of length 2ℓ + 1 connecting v ′ i and v ′ i+1 . Now, we first find an odd "fat cycle"
Then, from the above observation, we can enlarge this fat cycle C ′ to an odd cycle of length from s to (s − 1)(m − 5ǫm/β).
Note that (1) and (2), it follows that
Therefore, by noting that s ≤ t which is much smaller than n λ , we can find an odd cycle of length 2n λ + 1 as desired. This completes the proof of the three color case. Lemma 4 (Nikiforov and Schelp [25] ) If t is large and H is a graph of order 2t − 1, with minimum degree δ(H) ≥ (2 − 10 −6 )t, then for every 2-coloring of E(H) one of the colors contains cycles C s for all s ∈ [3, t].
Since a graph H with at least (1 − ǫ) t 2 edges contains a subgraph of order at least (1 − √ ǫ)t with minimum degree at least (1 − 3 √ ǫ)t. Then a similar proof for the two color case follows. This completes the proof of Theorem 1. ✷
In the following, we focus on the even cycle Ramsey number of random graph. We will give a proof since there are still many details to handle although the main idea is similar to that of Theorem 1. Let us first recall the following result by Figaj and Luczak [11, Lemma 8] .
Lemma 5 (Figaj and Luczak [11] 
In order to prove Theorem 2, it is equivalent to prove the following theorem.
and
Proof of Theorem 3
We first prove the three color case. Let 0 < p ≤ 1 be fixed,
and t 0 be defined as in Lemma 5. Furthermore, let µ = 2α 1 + α 2 + α 3 + δ, δ = 100ǫ 1/7 α 1 /α 3 , and N = µn.
We will show that a.a.s. for every 3-edge coloring of G = G(N, p) with vertex set V , there is a monochromatic even cycle of length 2⌊α θ n⌋ for some θ = 1, 2, 3. Consider a 3-edge coloring (
Similar to Claim 1, we suppose that d G (V i , V j ) ≥ p/2 for every 1 ≤ i ≤ j ≤ T . Let H be the auxiliary graph on vertex set [T ] , where ij is an edge of H if and only if (V i , V j ) is ǫ-regular. Since the partition V 0 , V 1 , . . . , V T is ǫ-regular, the number of edges in H is at least (1− ǫ)
Let α ′ θ = α θ /α 1 for θ = 1, 2, 3, and let t be the maximum integer such that
which implies that
From Lemma 5, there exists a color θ, θ = 1, 2, 3, such that some component of the subgraph induced in H by the edges of the θth color contains a matching saturating at least (2α ′ θ + 0.1ǫ)t vertices. Thus, we can obtain a monochromatic path P of even length s on at least (2α ′ θ + 0.1ǫ)t vertices. Without loss of generality, suppose that the path P has vertex set [s], i.e. for i = 1, 2, . . . , s − 1,
In the following, we aim to show that G 1 contains an even cycle of length 2⌊α θ n⌋. To this end, for 1 ≤ i ≤ s, we divide each set V i into two subsets U i , W i of sizes as equal as possible, that is,
We delete the ceiling and floor signals as it dose not affect the final result. So we admit that
, by Fact 2, we have (U 2j−1 , U 2j ) is 2ǫ-regular with density at least (p/6 − ǫ). Now, Fact 3 implies that we can take
Therefore, by Lemma 3, for every ℓ with 1 ≤ ℓ ≤ m − 5ǫm/β, and for every pair of vertices u ′ 2j−1 ∈ U ′ 2j−1 and u ′ 2j ∈ U ′ 2j , G θ contains a path of length 2ℓ + 1 connecting u ′ 2j−1 and u ′ 2j for 1 ≤ j ≤ s/2. Similarly, for every pair of vertices w ′ 2j−1 ∈ W ′ 2j−1 and w ′ 2(j−1) ∈ W ′ 2(j−1) , G θ contains a path of length 2ℓ + 1 connecting w ′ 2j−1 and w ′ 2j for 2 ≤ j ≤ s/2. Now, we first find a "fat path"
From the above observation, we can enlarge this fat path P ′ to an odd path of length from 2s − 3 to (2s − 3)(m − 5ǫm/β).
In order to get an even cycle of length ⌊2α θ n⌋ as desired, let us fix such a path Q such that both the "fat edges" u ′ 1 u ′ 2 and w ′ 3 w ′ 2 contain at least 2ǫN vertices. Then
Since (V 1 , V 2 ) is ǫ-regular, we can find an edge between V (Q) ∩ V 1 and V (Q) ∩ V 2 . Consequently, we can find even cycles of length from 2s − 2 + 2ǫN to Therefore, we can find an even cycle of length 2⌊α θ n⌋ as desired. This completes the proof of the three color case.
For the two color case, we use a result by Letzer [23, Theorem 2] instead of Lemma 5.
Lemma 6 (Letzer [23] ) Let 0 < ǫ < 1/4, t 1 ≥ t 2 , and let H be a graph of order T ≥ t 1 + ⌊(t 2 + 1)/2⌋ + 150 √ ǫt 1 with at least (1 − ǫ) T 2 edges. Then H → (P t 1 , P t 2 ).
A similar proof for the two color case follows by using Lemma 6. This completes the proof of Theorem 2. ✷
Concluding remarks
Let us point out that the assertions we obtained are valid when the probability p is fixed. It would be interesting that whether the assertions hold also as that for path when pn → ∞, or somewhat weakly that whether the assertions hold when p → 0. As an end, we propose the following problems.
Problem 1 Prove or disprove as pn → ∞, we have a.a.s. that G((8 + o(1))n, p) → (C 2n+1 ) 3 , and G((4 + o(1))n, p) → (C 2n+1 ) 2 ; G((4 + o(1))n, p) → (C 2n ) 3 , and G((3 + o(1))n, p) → (C 2n ) 2 .
A weaker type is as follows.
Problem 2 Prove or disprove as p → 0, we have a.a.s. that G((8 + o(1))n, p) → (C 2n+1 ) 3 , and G((4 + o(1))n, p) → (C 2n+1 ) 2 ; G((4 + o(1))n, p) → (C 2n ) 3 , and G((3 + o(1))n, p) → (C 2n ) 2 .
